Observations of natural fractures in core or image logs typically give limited information on orientation, aperture and intensity. Because of the sparseness of wellbore intersections of fractures, data analysis results in incomplete statistical characterization of the fracture population, leaving interwell characterization almost impossible. Using basic fracture mechanics models and a novel core-testing technique, we propose that the fundamental shape of fracture parameter distributions can be predicted, and that there is a characteristic, quantifiable relationship between fracture length, spacing and aperture.
Introduction
Direct characterization of fracture network attributes such as length, spacing, aperture, orientation and intensity from core or image logs is often difficult. Fractures are infrequently intersected by wells, and if fractures do intersect the wellbore they are rarely abundant enough to give a good representation of the fracture geometry. 1 Due to sparseness of these data sets, various predictive schemes, based on geostatistics 2, 3 or geomechanical models, 4, 5, 6 are used to estimate subsurface fracture attributes.
There are two types of statistical approaches in modeling fracture network geometry 7 . The first approach addresses each fracture characteristic separately. Data for each attribute are gathered, and distributions are fit to the data. If not enough data are available, distributions published in literature are used (Table 1 ). This type of modeling is particularly useful to estimate the upper and lower bounds on reservoir response. However, lack of reservoir data often makes selecting a correct distribution difficult, thus leading to the use of outcrop data rather than wellbore data, 8 which can sometimes be misleading. Recent advances in using microcracks as proxies for larger scale fractures have improved the capability of getting pertinent subsurface data, 9 circumventing some of the problems associated with data sparseness.
The second statistical approach takes the statistical data for individual fracture attributes and also specifies their interdependence, describing the 3D fracture network as a whole.
The simplest model often used in petroleum applications is a network of three unbounded, mutually orthogonal fractures. 10, 11 However, there are many fracture characteristics and a seemingly limitless number of correlations between those parameters, although Dershowitz and Einstein 7 argue that nature restricts the number of applicable models and only a few predominant models need to be defined. Choosing among the possible models may require more fracture data than is available, and it may be difficult to determine a priori whether, for example, a fracture network is clustering or more uniformly distributed spatially.
An alternative to geostatistical characterization is a geomechanics-based approach, where a physical understanding of the fracturing process is combined with measurements of mechanical properties of rock to predict fracture network characteristics.
This process-oriented approach can also provide a theoretical basis for deciding what types of fracture attribute distributions are physically reasonable, and how attributes such as length, spacing and aperture are inter-related. 5, 6, 12, 13 The combined prediction of all fracture attributes is possible using geomechanics, and the mechanistic approach as postulated in this paper requires less direct fracture sampling than typical statistical methods. The subcritical fracture index, a rock parameter that can be measured from core samples, can be used to constrain the distributions of aperture, spacing and length. Additional geological information, such as the strain, pore pressure and diagenetic history of the reservoir can provide further constraint on fracture network predictions.
Fracture Mechanics Constraints on Fracture Network Properties
Linear elastic fracture mechanics has been successfully applied to many geologic fracture problems. 4, 12, [14] [15] [16] [17] [18] [19] [20] [21] The parameters of particular interest for fractured reservoirs are fracture length, spacing, aperture and connectivity. Each of these parameters can be addressed using mechanical analyses based on geologically-inferred or measured boundary conditions and rock properties. We find that fracture length and spacing are both tied to the same mechanical property, the subcritical crack index, and that further analysis can relate fracture aperture to fracture length.
Fracture Length. The analysis of mode I (opening mode), en echelon fracture arrays has shown that mechanical fracture interaction will influence a fracture's stress intensity factor, K I . 4, 22 The stress intensity factor for a uniformly loaded, isolated crack of length 2a is defined as ) where P p is the pore pressure in the rock, and n σ is the in situ stress resolved perpendicular to the crack. The stress intensity factor is compared to the fracture toughness of a material, K Ic , to determine crack propagation. For critical crack propagation,
, but fractures in rock can also propagate subcritically (
). Fig. 1 shows the normalized stress intensity factor for the right (inner) tip of the left member of a two crack, en echelon array, as a function of overlap as the two cracks grow toward one another. An overlap of -0.5 corresponds to zero length for the echelon segments, an overlap of 0 corresponds to each segment having a length of ½ the total array length, and an overlap of 0.5 corresponds to each segment side by side with a length equal to the total array length. The stress intensity factor for the en echelon crack is normalized by the stress intensity factor of an isolated crack of the same length with the same driving stress (Eq. 1). As parallel, en echelon fractures approach one another and have just begun to overlap (overlap between -0.1 and 0.02 in Fig. 1 ), mechanical interaction increases the stress intensity at the inner tips. When the fracture tips pass one another and the overlap increases, the stress intensity is reduced at the inner tips, hindering propagation. However, the outer tips experience a stress intensity increase (propagation enhancement), such that the outer tips are expected to grow while the inner tips arrest. These interaction effects diminish as the fracture spacing increases relative to the fracture height, such that when spacing is equal to fracture height, the peak perturbation of the stress intensity factor is less than 20%. Based on the mechanical interaction behavior of nearby cracks, we developed a fracture length model for larger opening mode fractures (main cracks) propagating through a material with randomly distributed, parallel flaws (field cracks). If the propagating main crack passes within a critical spacing distance of a smaller field crack, the main crack propagation is arrested or captured at its overlapping inner tip, and propagation is transferred to the outer tip of the field crack. Simulation results indicate that the critical spacing for main crack capture is approximately equal to ½ the field crack length. The probability that a propagating main crack will be captured by a smaller field crack corresponds to the probability that a propagating crack will reach a particular length. The more field cracks present in a rock, the less likely fractures are to achieve great length.
We have quantified this fracture capture probability, and thus quantified the expected frequency distribution of fracture length. The probability that a main crack with length 2a will be captured is equal to the probability that at least one field crack of length 2b will lie within its capture zone (Fig. 2) . The capture zone is a rectangular region around the main crack with dimensions of crack length by 2 times the critical spacing (because the capture zone lies on both sides of the main crack), or 2a x 2b. Assuming N field cracks are uniformly randomly distributed in a total area A, the probability, P', that at least one field crack will lie within the capture zone of a propagating main crack of length 2a is equal to 1 minus the probability that no cracks reside in the capture zone, or
The probability, P, of the main crack not being captured is
Thus, the cumulative frequency of a fracture with length a x 2 = can be expressed as (7) This is a significant result because it represents an independent, theoretical argument for why fracture length distributions should follow a particular shape, in this case a negative exponential.
Further examination and verification of the exponential length distribution model (Eq. 7) was carried out with a numerical fracture propagation code. 12, 24 Natural fracture pattern development is simulated as subcritical crack growth under constant strain rate loading in a linear elastic material with constant, finite fracture height (pseudo-3d). Cracks will grow in rock at subcritical stress intensity values (K I < K Ic ) due to material weakening caused by corrosive pore fluids such as water, 25, 26 and these parameters can be quantified in the laboratory. 27 The key to fracture pattern development is the propagation velocity, v, which can be described as a power-law of the form (8) where n is the subcritical index and C is a proportionality constant. By definition, subcritical propagation requires
is always true. Consequently, the higher the subcritical index, the lower the propagation velocity at a given stress intensity and the higher the velocity contrast between cracks with different stress intensity factors.
Varying subcritical index affects the propagation velocity distribution in a growing fracture network, influencing the final length distribution 12, 21, 28 as well as spacing and clustering. 12, 29 To specifically address the validity of our analytical length distribution equation, we examined the effect of increasing the density of field cracks by running identical simulations in all aspects except the number of initial flaws (analogous to changing N in Eq. 7) and quantifying the final length distributions from the simulations with an exponential curve fit. A representative subcritical index of 20 was used for each simulation, and only fractures that grew are including in the cumulative frequency plots (initial flaws that do not grow are excluded, although the flaws are plotted in the fracture trace maps of Fig. 5 ).
As predicted by the analytical model, the exponential curve-fits to the numerical results show an increase in the exponent value (equivalent to A bN 2 ) as the number of initial flaws increases (Fig. 3) . Normalizing the results to the 100 crack simulation shows that the analytical model predicts exponent magnitude should have changed as 1 : 2 : 4, but the numerical results gave 1 : 1.3 : 1.9. However, the exponential form of the length distribution still holds, and the principle that increased flaw density reduces the maximum possible fracture length for a given imposed deformation is affirmed. The discrepancy may derive from the more complex crack interaction for a large population of cracks as modeled in the numerical simulation rather than the idealized two en echelon fracture interaction used for analytical fracture capture expression.
We also investigated the influence of subcritical index on the length distribution using 400 initial flaws. Increasing the subcritical index from n=5 to n=20 causes a decrease in the exponent magnitude for the cumulative frequency curve from 0.52 to 0.39, resulting in more longer fractures and less shorter ones for the higher n value (Fig. 4) . For n=20, the cumulative frequency approaches 1 at a length of just under 2 meters, while for n=5 the corresponding length is 0.3 meters. The differences in lengths are also evident in the fracture trace maps for n=5 and n=20 as well (Fig. 5) .
Increasing the subcritical index from n=20 to n=40 reverses the slope change of the length distribution, increasing the exponent magnitude of the cumulative frequency curve to 1.11. Using n=80 causes a further increase to 1.34. The reason for this reversal in trends can partly be explained by looking at the trace maps of Fig. 5 . Where the plots for n=5 and n=20 show a roughly uniform spatial distribution of fractures, the n=40 and n=80 case show very strong fracture clustering. At high subcritical index, fractures are spatially arranged in widely-spaced zones of very closely-spaced, shorter fractures. In the high subcritical index cases, since fracture propagation velocities are initially much lower, propagation is delayed until more strain has accumulated and growth consequently occurs at higher stress intensity values. These higher stress intensity values increase the tensile stress perturbation around the crack tip (in the near tip region, stress scales linearly with stress intensity factor), 23 and the propagation of flaws in the crack tip region is enhanced. The clusters essentially record the movement of a process zone across the rock body, and because of the higher stress intensity factor values, the propagation mechanism is not subcritical but critical (
). In addition to using a numerical code to test our analytical length distribution model, we have successfully compared the exponential model to fracture length data from outcrop for opening mode cracks at a variety of scales. Published examples come from joints mapped in granite in the Sierra Nevada of California (Florence and Ward Lake outcrops), 13, 30 microcracks imaged with SEM cathode-luminescence from the Frontier sandstone of Oil Mountain, Wyoming, 31, 32 and dike segments mapped at Shiprock, New Mexico. 33 In all cases, the length distributions have a negative exponential shape (Figs. 6 and 7) , but the negative exponent magnitudes tend to be smaller (ranging from about -0.01 to -0.17) than those generated in the simulations (ranging from -0.1 to -1.5). The exception is the Oil Mountain microcrack data (Fig. 7) , which has an extremely high magnitude exponent of negative 136. It is possible that natural rock is less flawed than we modeled, or more likely most flaws in rock are too small to impact the propagation of larger fractures. In the numerical model the flaws are quite large, on the order of 0.2 m. Another factor that is important to consider is that fracture length is exceptionally difficult to quantify in the field because of the segmented nature of most natural fractures. 13 Depending on the detail level of the data collection, fracture length observations may overestimate the abundance of longer fractures by overlooking their segmented nature at smaller scales.
Fracture Spacing. As with fracture length, fracture spacing is significantly affected by variations in subcritical index (Figs. 5 and 8) . (The results are from the same 400 crack simulations used for the length discussion above, and we exclude flaws that have not propagated from the spacing analysis.) The first overall spacing attribute is whether or not the fractures are clustered. As mentioned above, the cases with subcritical indices of 40 and 80 show strong fracture clustering, while those with lower n do not. The nominal correlation of fracture spacing with bed thickness (i.e. fracture height) is evident in the fracture pattern for the non-clustered cases of n ≤ 20, where the maximum spacing of 3.5 to 4 meters is close to the bed thickness of 4 meters (Fig. 8) .
Increasing the subcritical index from 5 to 20 increases the median spacing (taken at a cumulative frequency of 0.5) from 0.7 to 2.3 meters. However, for the clustered cases, the median spacing goes back down, such that the median spacing for n=80 is 0.5 meters, which is less than that for any other case. However, if fracture trace length were the measure of fracture intensity, the trace maps (Fig. 5) clearly show that the n=5 case is the most highly fractured.
Relating Fracture Length to Aperture. A theoretical model for fracture length distributions is important because fracture length is difficult to observe in core data. Correlation of length with a more easily measured parameter would also be beneficial for fracture attribute determination. One attribute just discussed is the spacing, which has been shown to behave similarly to fracture length as the subcritical index for the fracturing material is changed. Another important flow related parameter that can be correlated with length is the aperture (fracture opening), more specifically the maximum aperture. For the simplified conditions of two-dimensional, plane-strain elasticity, maximum fracture aperture ( I u ∆ ) can be described which shows that aspect ratio is expected to decrease with increasing fracture length. This trend can be readily seen in examples of outcrop data, such as the Shiprock dike data described earlier as well as veins from other sandstone and granite outcrops. The data depicted in Fig. 9 show a best-fit, power-law curve with a negative exponent of 0.6, which is very close to the inverse square-root relationship predicted in Eq. 12. Further work is required to examine how fracture interaction and other effects influence aperture to length scaling, particularly the effects of limited fracture height. However, this simple analysis brings into question the validity of the linear scaling law and suggests sub-linear scaling may be a more reasonable model.
Core-based Measurements of Fracture Mechanics Properties
Geomechanical predictions of fracture attributes need some constraints to be used for subsurface reservoir characterization. One parameter we have identified that strongly controls fracture pattern development is the subcritical crack index. The laboratory measurement of subcritical crack behavior in rock is performed using the double torsion testing method. 34, 35 A large number of
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subcritical index measurements have been reported for a variety of rock types, 25 but few measurements have been made from subsurface reservoir rocks and no systematic studies of petrographic or diagenetic controls of subcritical crack propagation have been reported. 27 In ongoing studies of natural fractures in sedimentary rock, we are carrying out suites of measurements on core and outcrop samples from several different formations in which there are known variations in petrographic properties such as porosity, mineralogy, and intergranular cement. Correlations between the subcritical index and petrographic properties are needed to predict mechanical properties where measurements are not available and to correct present-day measurements for the diagenetic changes that have occurred since the time of fracturing.
Measurements on Austin Chalk and Clear Fork Dolomite core (both from Texas oil reservoirs) showed that different layers in the reservoir exhibited different subcritical indices, primarily related to rock type with a weak dependence on porosity, but some of the variation remains unexplained. 27 The corrosive effects of water on rock are expected to reduce subcritical indices, 25 and this effect did show up in some of our testing. The Austin Chalk had very high subcritical index values in dry tests (ranging from 95 to 125), while the Clear Fork had lower values (ranging from 20 to 85). The Austin Chalk values were significantly reduced to the range of 20 to 40 when tested in water, while the Clear Fork samples were unaffected. A coating of oil on the grains of the Clear Fork samples is thought to have prevented the corrosive effects of water in those tests. Since most subsurface rock is expected to be saturated with a fluid, the water-saturated test values are most appropriate for modeling natural fracture pattern development, but the Clear Fork results indicate that the presence of oil may have an impact.
New tests have been performed on subsurface Dakota Formation sandstones and siltstones. The depth profile of subcritical indices from dry tests for the Dakota reservoir appear to define five zones ( Fig. 10) with n values ranging from 40 to 80. The magnitude of variation in indices for depths less than 7,218 feet is probably not large enough to lead to major differences in natural fracture patterns at those depths, but the deeper zones should have significantly different patterns.
Petrographic analysis has been carried out for the Dakota samples at 7 of the 12 depths for which the index measurements were carried out. Primary porosity, framework grain mineralogy (predominantly quartz) and clay content (0.3% to 4%) were roughly the same for all samples. The main variable between samples was cement type (quartz vs. dolomite) and cement volume. Limited testing results showed that the subcritical index increased with increasing quartz cement and decreasing dolomite cement (Fig. 11) . This behavior is consistent with observations from secondary electron and cathode-luminescence images acquired for two of the specimens. These images showed that the subcritical crack propagation in our experiments was almost entirely intergranular, and hence most sensitive to cement between grains. This dependence of subcritical index on quartz cement was also found for the earlier index and thin section measurements on samples from the two blocks of the quarry sandstone. 27 In summary, subcritical crack behavior appears to be sensitive to intergranular rock features, most notably the volume and character of cement and less importantly the total pore volume. However, these preliminary observations are based on a very limited data set, and delineation of systematic correlations is complicated by the sample to sample variation of multiple petrographic properties.
Discussion
Although typical fractured reservoir simulation uses continuum models which cannot utilize very sophisticated fracture characterization, there are discrete models that provide alternative modeling capability. [36] [37] [38] Nakashima et al. 39 shows how systematic changes in length distribution affect fracture permeability, and Johns and Jalali-Yazdi 36 develop a well-test method with variable matrix block-size keyed to fracture length distributions. These methods require detailed fracture network information such as that which can be generated with geomechanical models, and constraints from subsurface core measurements such as subcritical crack growth indices provide the potential to predict site-specific characterizations.
Conclusions
Fracture mechanics can be successfully used to constrain the attributes of natural fracture networks.
Based on mechanical fracture interaction, fracture length distributions are ideally expected to follow a negative exponential form. Numerical simulation and outcrop data affirm this conclusion. The length distribution is strongly affected by the initial density of flaws from which the fracture pattern develops and on the subcritical crack index for the rock that is fracturing. The subcritical crack index also exerts a fundamental control on median fracture spacing as well as determining whether fractures will cluster or be more uniformly distributed. However, median spacing does not necessarily reflect the amount of fracture propagation that has occured in a rock. For clustered fracture patterns that are fairly sparsely fractured, the median spacing is low because of the tight spacing within the cluster, even though clusters may be widely spaced. Finally, accounting for the influence of fracture propagation criteria on fracture pattern development, fracture aperture is expected to ideally vary with the square-root of fracture length.
Practical fractured reservoir characterization, however, requires more than theoretical constraints on fracture attributes. Using the subcritical crack growth index as measured from core, more accurate fracture network prediction is possible on a site-specific basis. 
